An analytical model is developed for natural convection from a single circuit board in a sealed electronic equipment enclosure. The circuit card is modelled as a vertical isothermal plate located at the center of an isothermal, cuboid shaped enclosure.
INTRODUCTION
Natural convection heat transfer in the cavity formed between a heated vertical plate and its surrounding cooled cuboid-shaped enclosure is of some interest in the design of sealed electronic equipment for harsh environments and outdoor applications. Many of these applications rely on convection in the enclosed air space to remove heat from the circuit board and components and transfer it to the enclosure, where it is dissipated by conduction through the walls and convection from the exterior to the surrounding environment.
Current practice for the design of sealed enclosures for electronic equipment usually involves extensive use of numerical CFD simulations and experimental testing of prototypes and mock-ups. The time consuming and costly nature of these methods make them poor choices for activities such as parametric analysis or "what-if" studies, precluding their usefulness during the preliminary phases of product design. Quick, easy to use modelling procedures for natural convection in these enclosure systems represent an effective alternative to prototype testing or CFD simulations. Analytically based models that utilize readily available information, such as physical dimensions, thermophysical propexties and average temperature or heat flux values for boundary conditions, provide the engineer with a set of analysis tools perfectly suited for the initial phases of the design. These models can also be easily implemented into design tools using a variety of platforms, including symbolic mathematics software such as Maple or MathCad, or in a spreadsheet environment such as Excel. The use of these analytically based design tools will speed up the design process, reduce costs and result in the development of more reliable and cost effective rquipment .
The literature contains many publications examining the lopic of natural convection from a heated internal body to its surrounding cooled enclosure for a variety of inner body and outer boundary shape and boundary condition combinations. Of specific interest for sealed equipment enclosures is the geometry formed between the vertical flat plate and a cuboid-shaped enclosure. A number of studies are presented in the literature for the vertical flat plate with protruding discrete heat sources in a sealed enclosure, such as Park [ experimental study of three dimensional natural convection in a cubical enclosure with an internally isolated, heated vertical plate. These data are limited to a single cubical enclosure / rectangular plate geometry, and the correlation provided by the authors for the average Nusselt is limited both in geometry and in the range of Rayleigh number over which it is applicable.
The objectives of the current study are to develop and validate an analytically based model for laminar natural convection from an isolated, vertical isothermal flat plate to an isothermal, cuboid-shaped enclosure. The model will be valid for the full range of Rayleigh number, from laminar boundary layer convection in large scale enclosures to conduction dominated heat transfer in small or micro-scale devices. This model will be validated using data from numerical CFD simulations for a variety of enclosure geometries and flow conditions.
PROBLEM DESCRIPTION
The problem of interest involves natural convection from an isothermal, vertical rectangular plate io its surrounding isotherrnal cuboid-shaped enclosure. A schematic of the relevant dimensions is presented in Fig. 1 . The vertical plate is located at the center of the enclosure, and isothermal boundary conditions 17 and To are imposed on the plate and enclosure walls, respectively. All dimensions of the plate and enclosure are specified in relation to the length of the plate, Li, using the following dimensionless parameters:
(1)
The independent parameters are non-dimensionalized by the . Elayleigh number, defined using the overall temperature difference, AT = -To, and the square root of the surface area of the vertical plate as the scale length:
where the thermophysical properties are determined at the fluid temperature, which can be approximated by the arithmetic mean:
T + To Tf = - The quantity of interest in the study, the total heat transfer rate Q between the plate and the enclosed through the fluid region is non-dimensionalized by the Nusselt number defined using the same temperature difference and length scale as RaJji;:
For the limiting case of small Rayleigh number, the heat transfer through the enclosure becomes conduction dominated and the Nusselt number is equivalent to the conduction shape fac- Teertstra [5] and Teertstra et al. [6] present an analytical method for calculating the total heat transfer rate in regions bounded by an arbitrarily shaped heated inner body and an arbitrarily shaped surrounding cooled enclosure. The general formulation of the model represents a combination of three asymptotic terms, corresponding to the three modes / methods of heat transfer present in the enclosed fluid region:
MODEL DEVELOPMENT
where SA, the conduction shape factor, is combined with the remaining convective terms using linear superposition. The convective terms, Nub!, laminar boundary layer flow, and Nuu, transition flow at low Rayleigh number, are combined using the Churchill and Usagi [7] composite solution method. Nu bl represents the limitingcase of high Rayleigh number heat transfer by laminar natural convection at the inner and outer walls, where the fluid in the core region is quiescent and of uniform temperature. The other convective limit, Nun, corresponds to the limiting case of low Rayleigh number, where boundary layers at the heated and cooled walls grow quickly, merge and overlap. As a result, the temperature profile approaches that of pure conduction, fluid movement is induced in the core region, and convective heat transfer occurs at the top and bottom regions of the enclosure. The three asymptotic solutions as well as the resulting three term model is presented in Fig. 2 
(9)
Re-casting this expression in terms of the dimensionless geometric parameters from Eq. (1) yields:
The iemaining asymptotic solution corresponds to the limiting case of large gap spacing, where the conduction shape factor becomes independent of b/L,. For this limit the enclosed region is modelled using an equivalent thermal resistance network consisting of a series combination of resistances for the plate and an equivalent spherical surface representing the cuboid shaped enclosure boundary:
where Rplab is the conductive resistance of an isothermal plate in a full space region and Rsphere is the conductive resistance for the equivalent sphere in a full space. The conductive resistance for the plate is determined based on the dimensionless conduction shape factor expression presented by Yovanovich [8]:
Rsphere is determined based on the available analytical solution for the dimensionless conduction shape factor of a sphere in a full space region [8]:
The equivalent sphere is related to the geometry of the enclosure through an effective diameter, defined based on the arithmetic mean of the Iength and width dimensions:
The resulting expression for the conductive resistance for the equivalent sphere becomes:
Combining the two resistance expressions into E@ (1 1) and rec d n g in terms of the dimensionless conduction shape factor yields:
Using the composite method to combine the asymptotic solutions for small and large b/L,, Eqs. (10) and (15) gives the following expression for the conduction shape factor for the endlosure geometry:
where the combination parameter m is determined based on a comparison with numerical data for a wide variety of enclosures, as demonstrated in a subsequent part of the study.
Laminar Boundary Layer Convection
The first of the two asymptotic solutions for convection in the enclosed fluid region represents the limiting case of high Rayleigh number, laminar boundary layer flows over the vertical flat plate and the enclosure walls. At this limit it is assumed that the fluid in the core region is of uniform temperature.
For this asymptote Teertstra [5] presents the following analytical model for the Nusselt number based on a combination of lslminar boundary layer models on the inner (heated) and outer (cooled) surfaces:
where the Prandtl number function, F ( P r ) , as defined by
Churchill and Churchill [?I:
evaluates to F(Pr) = 0.513 for air at STP (Pr = 0.7).
The body gravity functions for the inner and outer boundaries, G~j i ; and G a , are calculated based on the methods described by Lee et al. [lo] . For the vertical plate, the body gravity function is determined by:
The body gravity function for the outer cuboid shaped bound- The effective gap spacing is determined for an equivalent spherical cavity, where both the surface area of the inner body as well as the enclosed volume are preserved, resulting in the following expression:
The upper and lower bounds for the outer boundary length, Lo ug and Lo m, are determined based on the minimum and maximum lengths between the stagnation points along the outer wall of the enclosure:
The resulting expression for the transition flow asymptote is:
where 6 e E / a is calculated using Eq. 
CFD SIMULATIONS
To validate the analytical models for conduction shape factor and natural convection, CFD simulations were performed for a wide range of enclosure geometries and flow conditions using two different commercial computational fluid dynamics (Cm)) packages, Flotherm [12] and Icepak [13] . In the following section the details of the numerical simulations for both the conduction and convection solutions will be presented.
Conduction Shape Factor
The conduction shape factor model will be validated using data from CFD simulations performed using Flotherm [ 121, a commercial finite volume based software package. Conduction-only simulations were performed for the 1/8 symmetry geometry presented in Fig. 4 a) with constant thermophysical properties of air at 20 O C . An isothermal source, I;: = 4OoC, was located on one domain boundary, and isothermal boundary conditions, To = 2OoC, were imposed on the three remaining exterior (nonsymmetry) boundaries. The total heat transfer from the source, Q l p , predicted by the CFD simulations for the 1/8 symmetry case was converted to an equivalent conduction shape factor by:
In order to ensure independence of the numerical results from the number or size of control volumes, a grid convergence study was performed for the following enclosure geometry: 
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In Fig. 5 the results of the grid convergence study are presented in two ways. The dimensionless conduction shape factor is plotted versus the total number of control volumes and the minimum control volume thickness in the x-direction, normal and adjacent to the heat source. Figure 5 clearly demonstrates that sufficient control volume refinement is possible such that grid independence can be achieved. All subsequent simulations will be performed using similar grid parameters.
Conduction simulations were performed using the The results of these numerical simulations w i l l be compared with the analytical model predictions in the next section.
Natural Convection
The full model for natural convection in the enclosure will be validated with data from CFD simulations performed in Icepak [13], a finite element based commercial CFD package.
Numerical simulations were performed assuming laminar flow and no radiation heat transfer in the 114 s m e t r y solution domain shown in Fig. 4 b) . An isothermal source, = 4OoC, was located at the x = 0 boundary and an isothermal condition, T,, = 2OoC, was imposed on the four remaining non-symmetry boundaries. The total heat transfer from the source Q1p provided by the numerical simulation was non-dimensionalized by:
In. order to simulate a wide range of Rayleigh number variation without changing the size of the solution domain, which would require changes to feature locations, grid parameters, etc., the density of the fluid in the enclosure was varied from its default 
MODEL VALIDATION
With the model development completed and the numerical CFD simulations providing data for the total heat transfer rate in the enclosure, the data are used to validate the model predictions for a variety of geometric configurations for both the conduction shape factor as well as the full natural convection model. A validation of the model for the conduction shape factor with the numerical data is presented in Figs. 7 and 8 for Lo/Wo = 1 and 2, respectively. Both of these graphs demonstrate the good agreement'between the analytical model for the conduction shape factor and the numerical data for the full range of geometric parameters. Table 2 summarizes the R M S % difference between the data and the model for all cases examined in this work. The agreement between the model and data is best Table   3 . The agreement between the model and data is quite good, given the level of the approximations used during the development of the model, with an R M S % difference over most cases Table 4 . As in the previous cases, the agreement between the model and the data is quite good, with an average RMS difference of less than 10 % over the full range of enclosure geometries except for the L/W = 2, Lo/& = 1.2 case where the differences are larger. In general, the model and the data agree for most configurations to within the uncertainty in the numerical solution. However, some of the simplifications used in the development of the model, in particular the conduction shape factor, result in 
SUMMARY AND CONCLUSIONS
An analytically-based model has been developed that predicts the total heat transfer rate for natural convection from a vertical, isothermal plate to its surrounding isothermal cuboid-shaped enclosure. The model is comprised of three asymptotic solutions, corresponding to pure conduction through the enclosed region, as well as laminar boundary layer flow and transition flow convection. By combining these three independent solutions into a single, composite expression, the resulting model is valid over a wide range of both enclosure / plate geometries and flow conditions. By its nature, the composite model correctly treats limiting cases: the conductive limit for small gap spacing, b / L , and Rayleigh number; and the laminar boundary layer flow limit, achieved at large enclosure dimensions when the behaviour of the vertical plate approaches that of an isolated body in a full space domain. independent parameters, as is often the case with typical correlations of numerical or experimental data. The models developed in this study were validated using numerical data from two different commercial CFD software packages and agreement between the models and the data was within an average of 10 % for most enclosure configurations. It should be noted that the numerical results were not validated other than in a grid convergence study, and that these data will almost certainly have a level of error associated with them as well. This may account for the larger differences noted between the data and the model for certain combinations of enclosure dimensions. The model is also effective at demonstrating trends in the data as a function of geometry and Rayleigh number, particularly the importance of conduction to the overall heat transfer rate for small R a~j i ;
and / or narrow gap spacing, b/L,. The model developed in this paper provides an effective method for the sizing of enclosures, the planning of system or circuit board cooling for sealed equipment enclosures, and for performing order-of-magnitude and similar parametric studies. Although not a replacement for CFD analysis or prototype testing, the proposed model provides a quick and easy-to-use al-ternative that can be easily programmed into a spreadsheet or ,symbolic mathematical environment and used during the preliminary design process.
Research and analysis on the topic of natural convection in (electronics enclosures will continue with an extension of the Icurrent model to include a uniform heat flux boundary condition on the plate, as well as an array of vertical parallel plates in the interior of the enclosure. An experimental test program is also being considered to further validate the models developed in this study.
